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a b s t r a c t

Reliability-based geotechnical design entails accurate sample statistics (i.e., mean and standard deviation
or coefficient of variation, denoted herein as cov) of soil parameters. However, the cov values of soil
parameters are difficult to determine with confidence due to the limited availability of high-quality data
and inherent spatial variability. As a result, estimated cov values of soil parameters can vary within a
wide range, which can result in overdesign or underdesign. In this paper, a confidence level (CL)-based
method is proposed to address the problem of geotechnical design in the face of uncertainty. Here, CL
is a measure of confidence that the target reliability index will be satisfied in the face of uncertainty in
the estimated cov. The proposed method is demonstrated through the design of a cantilever retaining
wall in sand. To ensure the practicality of the proposed method, a simplified approach was developed,
which requires little extra effort over that required for traditional reliability-based design. To develop
the CL-based method further, a metric called the ‘‘true reliability index’’ is proposed, which is the actual
reliability index in the face of the uncertainty in the estimated parameter statistics (mainly cov).

! 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Geotechnical design is often complicated by the uncertainty of
soil parameters, which originates from the following sources: the
inherent variability of soil parameters, measurement error, and
transformation error [15,16]. Uncertainties may be divided into
two groups: aleatoric uncertainty and epistemic uncertainty. Alea-
toric uncertainty, also known as inherent randomness, is usually
described with a random variable. Epistemic uncertainty arises
from incomplete and imperfect knowledge. Model uncertainty
(i.e., divergence of a mathematical model from reality) and uncer-
tainty due to limited data are typical epistemic uncertainties.
Transformation error (introduced by estimating soil parameter val-
ues from other easy-to-measure parameters), is an example of
model uncertainty. The most significant difference between alea-
toric uncertainty and epistemic uncertainty is that the latter can
be reduced by collecting more data or employing a more refined
model, while the former is inherent and irreducible.

At a given site, the value of a soil parameter may vary from
point to point, but the sample statistics (mean value and coefficient
of variation, cov) of the soil parameter can generally be treated as
fixed values, assuming that the site is thoroughly investigated.
However, due to limited experiment data, low-quality data,

low-quality transformation models, human error and so on, sample
statistics are usually uncertain [2]. Uncertainty in sample statistics
may be characterized as epistemic uncertainty because it is caused
by our incomplete knowledge about the real values of the soil
parameters and can be reduced to a certain extent through, for
example, collecting additional high-quality data [12]. The mean
values of soil parameters can usually be determined with higher
accuracy than the cov values of soil parameters, as reflected by
the large variability in the reported cov of a given soil parameter
from different sources [17,26]. Of course, this assertion is based
on the assumption that there is little transformation/model uncer-
tainty in deriving statistics of soil parameters for a given design
problem. In this paper, the mean value of a random soil parameter
is assumed to have a fixed value, while the cov is considered to be a
variable with epistemic uncertainty.

In reliability-based design, it is desirable to have a robust design
that is insensitive to uncertainty in the estimated cov. In this paper,
design robustness is measured in terms of a confidence level,
which is the probability that the design will meet the specified tar-
get reliability index. To ensure design robustness, a confidence le-
vel (CL)-based approach is thus proposed that can improve on
traditional reliability-based design in the face of uncertainty in
the estimated cov. However, an increase in the design robustness
or confidence level usually leads to a design with higher cost,
and thus a trade-off decision may be required. In this paper, the
concept of a Pareto front is used as a design aid in making such
trade-off decisions.
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The proposed CL-based approach is demonstrated through the
geotechnical design of cantilever retaining walls in sand. The origi-
nal form of the proposed approach requires characterization of the
uncertainty of the cov values of soil parameters, a task that might
be deemed too challenging by many practicing engineers. To ease
concerns over the practicality of the proposed method, a simplified
version was also developed, which requires little extra effort over
that required for traditional reliability-based design. To develop
the CL-based method further, a metric called the ‘‘true reliability
index’’ is proposed. The true reliability index is the actual reliability
index in the face of uncertainty in the estimated values of the
parameter statistics.

2. Current approaches for treating uncertainty in geotechnical
design

Two approaches are usually employed by geotechnical engi-
neers to guarantee safety in the face of uncertainty: a factor of
safety (FS)-based approach and a reliability-based approach. In
an FS-based approach, uncertainty is not considered explicitly;
rather, an empirically determined target FS value is used to con-
strain the design as a means of accounting for uncertainties.
Although a nominal FS can be computed for a given design in a
deterministic approach, in reality, the computed FS is not a fixed
value in the face of uncertainty. Thus, the nominal FS is not a con-
sistent measure of safety, i.e., a design with a larger nominal FS
may not always be safer [19,25,14].

In the reliability-based approach, uncertainties are considered
explicitly in the design, and the reliability index, which serves as
the measure of safety, is consistent with the level of safety because
larger reliability index values always indicate a safer design. For
simplicity, a reliability-based approach is often implemented as a
partial factor design, such as the LRFD (load and resistance factor
design) approach. Instead of performing reliability analysis for
each design, which may not be ideal for practicing designers, a tar-
get reliability index is satisfied by ensuring that the factored resis-
tance (the product of a resistance factor and nominal resistance) is
greater than the factored load (the sum of the products of the load
factor and nominal loads).

LRFD has been successfully used in structural engineering,
where the cov of strength is typically low and varies in a narrow
range. However, the cov for soil parameters can vary widely. In
principle, the resistance factor depends on the level of uncertainty
in strength; larger cov values of soil parameters yield greater var-
iation in resistance, and thus a smaller resistance factor is needed
to compensate for the effect of larger variation in resistance to
guarantee a target reliability index. Hence, it is problematic to cal-
ibrate the resistance factor over a wide range of cov. Phoon et al.
proposed an approach with multiple resistance factors for the de-
sign of shallow foundations [17], in which the cov values of soil
parameters are divided into several sub-ranges, and resistance fac-
tors are calibrated separately for each sub-range.

3. Framework for the proposed confidence level (CL)-based
design approach

Accurate assessment of reliability hinges on precise character-
izations of uncertainty in soil parameters. However, characterizing
the uncertainty of soil parameters in a statistically sound manner
is a challenging process in the face of soil variability and limited re-
sources for a typical geotechnical project. As a result, a reliability
index calculated with an incorrectly estimated cov can involve sig-
nificant error. Without quantitative knowledge of the effect of
uncertain cov on the calculated reliability index, the engineer
may be forced to choose between an overly conservative design

for safety or an unknown risk for cost savings. The adverse effect
of using an incorrectly estimated cov is demonstrated in greater
detail later with an example.

Considering the potentially large uncertainty in the cov of a gi-
ven soil parameter, it is appropriate to describe the cov of the soil
parameter as a random variable. As a first-order appropriation, a
range is established for the cov of a given soil parameter, defined
by the highest conceivable cov and the lowest conceivable cov,
based on published cov values and engineering judgment. Here,
the statistics of the cov may be estimated using the three sigma
rule [5,8], which states that three times the standard deviation
(rcov) can be considered an approximation of one half of the differ-
ence between the highest conceivable value and the lowest con-
ceivable value. Thus, the mean value of the cov, denoted by lcov,
is set as the median of the adopted range, and the standard devia-
tion (rcov) is taken as one sixth of the difference between the high-
est conceivable value and the lowest conceivable value. Then, the
epistemic uncertainty of the cov, in terms of the cov of the cov, de-
noted by covcov, is then computed as covcov = rcov/lcov.

The implication is that the cov follows a truncated normal dis-
tribution. In general, use of (lcov) (1 ± 3covcov) to cover the esti-
mated range of the cov is reasonable, although some may prefer
the use of (lcov) (1 ± 2covcov). When in doubt, both can be used,
and the results can be compared. Thus, in a given project, the de-
signer needs only to devote effort and resources to estimating
the mean value of the soil parameter; the epistemic uncertainty
of cov, characterized by lcov and covcov, can be estimated from
the published cov range.

With cov treated as a random variable, for a given set of design
variables and mean values of soil parameters, the reliability index b
will be a random variable rather than a fixed value. Statistical mo-
ments of b, in terms of mean value (lb) and standard deviation
(rb), can be calculated as follows:

lb ¼
Z

bðcovÞ $ pðcovÞ $ dcov ð1Þ

r2
b ¼

Z
ðbðcovÞ % lbÞ

2 $ pðcovÞ $ dcov ð2Þ

where p(cov) is the joint probability distribution of cov, b(cov) is the
reliability index at a given cov, lb reflects our best estimate of the
reliability index (safety), and rb reflects the robustness of the reli-
ability index (i.e., smaller rb means a smaller effect of an uncertain
cov on b and thus a more robust b). Instead of direct integration, as
in Eqs. (1) and (2), a variety of uncertainty propagation methods,
such as Monte Carlo simulation (MCS), the point estimate method
(PEM), and Taylor expansion [7,11] can be employed to calculate
lb and rb, as discussed later with an example.

It is less meaningful to consider lb and rb separately because
neither a design that is robust (small rb) but not safe (small lb)
nor a design that is safe but not robust is a desirable design. Be-
cause satisfying the target reliability index (bT) is of primary con-
cern to a designer, a term called the robustness of reliability
(RR), which measures the probability that bT is satisfied, is
proposed:

RR ¼ ðlb % bTÞ=rb ð3Þ

The confidence level (CL) is defined based on RR as follows:

CL ¼ UðRRÞ ¼ U½ðlb % bTÞ=rb' ð4Þ

where U is the cumulative distribution function of a standard
Gaussian variable. CL represents our confidence (probability) that
the target reliability is satisfied.

The term CL reflects the fact that we are dealing with epistemic
uncertainty. CL = 50% corresponds to RR = 0 or lb = bT. Thus, we are
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50% confident that the target reliability index is met if the com-
puted lb = bT. CL = 90% corresponds to RR = 1.28, meaning that if
a minimum of 90% confidence is required, one needs to make sure
that lb is 1.28rb times higher than bT. Design based on Eq. (4),
which considers the effect of uncertainty in the cov of a soil param-
eter, or robustness against uncertainty in the estimated cov, is
called ‘‘confidence level (CL)-based design.’’

The CL-based design approach is depicted in Fig. 1. In traditional
reliability-based design, b is employed as the acceptance criterion
because it is perceived as a fixed value that can be compared to the
target reliability with certainty. However, with epistemic uncer-
tainty in cov, b is no longer a fixed value, and whether the target
reliability index is met cannot be ascertained with 100% confi-
dence. To this end, CL provides a quantitative measure of this con-
fidence, which can be used as a basis for design.

In this paper, the target CL is not suggested. The implication is
that the designer can set a target CL based on his or her risk toler-
ance level. A designer with a high risk tolerance may use a low CL,
say 50%, while a designer with a low risk tolerance may use a high
CL, say 90%; the latter option, of course, comes at the expense of
cost efficiency. It should be noted that the CL-based design ap-
proach shown in Fig. 1 might appear more complex than tradi-
tional reliability-based design because a large number of
reliability analyses is required to calculate lb and rb. However, this
new approach may be greatly simplified using a calibrated rela-
tionship between CL and lb, as shown later.

4. Case study: design of cantilever retaining wall in sand

The cantilever retaining wall in Fig. 2 is employed as an exam-
ple to demonstrate the proposed CL-based design approach. For a
design, the height H and inclination angle k are usually pre-

determined, while the base width (a), the distance from the toe
to the stem edge (b), the stem width (c), and the base depth (d)
are design variables that can be adjusted to satisfy safety and cost
requirements. The friction angle and the unit weight of the backfill
sand are denoted by c1 and /1, respectively, and the friction angle
and unit weight of the foundation sand are denoted by c2 and /2,
respectively.

As a proof-of-concept example, assume that mean values of /1,
c1, /2, and c2 are obtained through site investigation, as shown in
Table 1. Also listed in this table are the typical ranges of the cov
values of these soil parameters. The mean and cov of cc (the unit
weight of concrete) are taken from the literature [9]. The height
of the retaining wall is assumed to be 12 ft (H = 12 ft). The values
of the design variables are assumed to vary within the following
ranges based on typical sizing requirements: 0.5H < a < H,
0 < b < 0.5a, H/14 < c < H/12, and H/14 < d < H/12 [3]. The distance
from the soil surface to the top of the retaining wall stem is as-
sumed to be 6 in, and k is assumed to be 0" for this example. Other
configurations were also analyzed and are discussed later.

Based on the 3-sigma rule described previously and the range of
the cov of the drained friction angle of sand reported in the litera-
ture [17], which is between 0.05 and 0.20 (Table 1), lcov is set at
0.125 and covcov is set at 0.20. Similarly, for the unit weight of sand,
the cov is reported to be in the range of 0.03 and 0.07 (Table 1;
[10,13]); thus, lcov is set at 0.05 and covcov is set at 0.133. The val-
ues of the mean and the cov of the cov of these soil parameters are
summarized in Table 2.

4.1. Deterministic model for geotechnical failure modes of a cantilever
retaining wall

The forces acting on a retaining wall include the self-weight of
the retaining wall (W1), the self-weight of the backfill sand (W2),

Fig. 1. CL-based design process.

Fig. 2. Illustration of cantilever retaining wall.

Table 1
Sample statistics for example retaining wall.

Mean Typical range of cov Distribution type

/1(") 37 0.05–0.20 Log-normal
c1 (lb/ft3) 108 0.03–0.07 Log-normal
/2 (") 30 0.05–0.20 Log-normal
c2 (lb/ft3) 100 0.03–0.07 Log-normal
cc (lb/ft3) 150 0.1 Log-normal
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the horizontal active earth pressure (Pa) and the vertical active
pressure (Va) on the back side of the retaining wall, the reactions
at the base (Vr and Pr), and the passive earth pressure (Pp) on the
front side of retaining wall. Coulomb’s earth pressure theory is em-
ployed to calculate Pa and Va, and Rankin’s earth pressure theory is
employed to calculate Pp. The equations for Pa, Va and Pp are as
follows:

Pa ¼
1
2

Kac1H02 cosðdwÞ ð5Þ

Va ¼
1
2

Kac1H02 sinðdwÞ ð6Þ

Pp ¼
1
2

Kpc2D2 ð7Þ

where Ka and Kp are the active earth pressure coefficient and passive
earth pressure coefficient, respectively, and dw is the internal fric-
tion angle between the retaining wall and the backfill sand, which
is usually taken as two thirds of the internal friction angle of thee
backfill soil (/) for a concrete retaining wall [3]. The equations for
Ka and Kp (see [4,22]) are as follows:

Ka ¼
sinða% /1Þ= sinðaÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sinðaþ dÞ
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinð/1 þ dÞ sinð/1 % kÞ= sinða% kÞ

p
" #2

ð8Þ

Kp ¼ tan 45
)
þ /2

2

" #2

ð9Þ

The retaining wall should satisfy both external and internal stability
requirements. External stability means that the retaining wall
should be able to maintain static equilibrium under applied forces,
while internal stability means that the stem and base should have
sufficient resistance to internal shear and moment. Only the exter-
nal failure modes are considered in geotechnical design. Three fail-
ure modes are related to external stability: sliding failure,
overturning failure and bearing capacity failure. Failure will occur
when the resistance is less than or equal to the driving forces that
activate an instability mechanism. Moreover, eccentricity of the
reaction force at the base should also be satisfied, meaning that
the reaction force should be within one third of the base width
around the base center to make sure that the entire base is under
compression. In fact, instead of considering overturning directly,
eccentricity is usually suggested as the criterion for overturning
[27], and that approach is adopted in this example. The limit state
functions for the three failure modes are defined as follows:

gsl ¼ ðW1 þW2 þ VaÞ * tanðUÞ þ Pp % Pa ¼ 0 ð10Þ

gecc ¼
a
6
% jej ¼ 0 ð11Þ

gbear ¼ qa % qmax ¼ 0 ð12Þ

where gsl, gecc, and gbear represent the limit states for sliding, eccen-
tricity, and bearing capacity, respectively; h is the interface friction
angle between the base and the foundation sand, which is taken as
0.7 times the internal friction angle of the foundation soil [27]; and
e is the eccentricity, calculated as follows:

e ¼ a
2
%MR %MD

V
ð13Þ

where MR is the resisting moment, calculated as the sum of the
products of W1, W2, Va, Pp and their corresponding arms with re-
spect to the toe. MD is the driving moment, calculated as the prod-
uct of Pa and its arm with respect to the toe. V is the total vertical
force, consisting of W1, W2 and Va.

For the bearing capacity failure mode, qa and qmax are the allow-
able bearing pressure and the maximum pressure, respectively, at
the base of the retaining wall. The latter, qmax, is calculated as
follows:

qmax ¼
V
a

1þ 6jej
a

" #
ð14Þ

Many methods are available for calculating the allowable bearing
pressure qa. For this example, the formula proposed by Vesić
[23,24], which takes the following form, is used:

qa ¼ c0Ncscdcicbcgc þ r0zDNqsqdqiqbqgq þ 0:5c0BNcscdcicbcgc ð15Þ

where Nc, Nq, and Nc are the bearing capacity factors; sc, sq, and sc
are the correction factors for shape; dc, dq, and dc are the correction
factors for depth; ic, iq, and ic are the correction factors for load incli-
nation; bc, bq, and bc are the correction factors for base inclination;
and gc, gq, and gc are the correction factors for ground inclination.
The reader is referred to the literature (e.g., [23,3]) for details on
the calculation of the allowable bearing capacity qa.

4.2. Uncertainty propagation using Taylor expansion and point
estimation method

For a given set of design parameters and mean values of soil
parameters, b is described as a function of cov as follows:

bðcovÞ ¼ bð½cov1cov2cov3cov4'Þ ð16Þ

where subscripts 1 through 4 correspond to /1, c1, /2, and c2,
respectively. As discussed earlier, cov is described as a normal ran-
dom variable as follows:

cov i + Nðlcov;i;r2
cov;iÞ ð17Þ

Several uncertainty propagation methods are available to calculate
lb and rb, such as Monte Carlo simulation (MCS), the point estimate
method (PEM), and the Taylor expansion method. Monte Carlo sim-
ulation is the most straightforward method. Random samples are
generated according to the marginal distribution and covariance
matrix of the random variables, and the performance function is
evaluated for each sample. The mean values and variation of all
samples is used as the mean and variation of the performance func-
tion. MCS can yield the most accurate result of the above three
methods, albeit at the expense of computational effort [21].

PEM is a method used to approximate continuous integration
with a weighted sum of performance function values evaluated
at a few sampling points. PEM was first proposed by Rosenblueth
[18] and was further developed by Zhao and Ono, whose formula-
tion is referred to herein as the new PEM. The reader is referred to
[28] for the formulation of the new PEM.

Taylor expansion is a commonly used first-order second-mo-
ment method used in reliability analysis. In Taylor expansion, the
performance function is expanded into a linear function of random
variables using a first-order Taylor series expansion. Equations for
the mean and variance of the performance function can then be de-
rived. More accurate equations that are based on higher-order
expansions are also availa%ble but require higher-order deriva-
tives. With the first-order Taylor expansion method, lb and rb

can be calculated as follows:

Table 2
Mean and cov of cov of soil parameters.

lcov covcov

/1 and /2 (") 0.125 0.2
c1 and c2 (lb/ft3) 0.05 0.133
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lb ¼ bð½lcov;1;lcov;2;lcov;3;lcov;4'Þ ð18Þ

r2
b ¼

X4

i¼1

@b
@cov i

$$$$
lcov ;i

* rcov;i

 !2

ð19Þ

where @b
@cov i

$$$
lcov;i

is the derivative of b with respect to covi evaluated at

lcov,i, which can be calculated by the central difference method as
follows:

@b
@cov i

$$$$
lcov ;i

¼
bð½lcov;1 ; ::;lcov;i þ D; ::;lcov ;4 'Þ % bð½lcov;1 ; ::;lcov;i % D; ::;lcov;4 'Þ

2D
ð20Þ

where D is the step size (D = 0.5rcov,i is used here). With b evalu-
ated twice for each cov to obtain the derivative, with one evaluation
at mean value point, only nine evaluations of b are needed to obtain
lb and rb.

The Taylor expansion method and new PEM are more efficient
than MCS, but their accuracy needs to be confirmed. For this pur-
pose, 100 designs were randomly generated within the ranges of
the design variables. Then, MCS (a sample size = 1000), Taylor
expansion, and the new PEM were applied to each design to calcu-
late lb and rb for all three failure modes. A first-order reliability
method (FORM; [1]) was employed for reliability analysis. The re-
sult for sliding failure is shown in this paper for illustration. The
accuracies of Taylor expansion and the new PEM for calculating
the lb and rb of eccentricity and the bearing capacity failure mode
are comparable to those for sliding failure.

As Fig. 3 shows, lb and rb calculated from both the new PEM
and the Taylor expansion method agree well with those calculated
from MCS. The relative errors of lb for the new PEM and Taylor
expansion are 0.2% and 1%, respectively; while the error in rb is
approximately 7% for both the new PEM and the Taylor expansion
method. Furthermore, the values of rb calculated with the new
PEM and with Taylor expansion are nearly identical, with a relative
difference of less than 1%. Because the Taylor expansion method
can yield lb and rb with an accuracy comparable to the new
PEM and with fewer reliability calculations, the Taylor expansion
method was employed in the subsequent analysis.

To demonstrate the detrimental effect of using an incorrectly
estimated cov, the reliability analysis for the sliding failure mode
was performed for the following five sets of cov: one set of ‘‘true’’

cov values assigned values of lcov and four sets of incorrectly
estimated cov assigned values within the ranges of lcov ± 3rcov

and lcov ± 2rcov, for each of the 100 designs. It is evident from
the results shown in Fig. 4 that the difference between b based
on the ‘‘true’’ cov and that based on the incorrectly estimated
cov is significant. Different cases of cov for the same design were
selected for comparison. Fig. 4 shows three cases, Cases 1–3, with
cov set at lcov ([0.1250.050.1250.05]), lcov % 2rcov ([0.075 0.037
0.075 0. 037]), and lcov + 2rcov ([0.175 0.063 0.175 0. 063]), respec-
tively. The corresponding reliability index values for these three
cases are 3.2, 5.2 and 2.3, respectively. If the target reliability index
is 3.2, the design with incorrectly estimated cov values can easily
be overdesigned or underdesigned. In the case of underdesign,
the target reliability index is not satisfied because an underesti-
mated cov is used in the traditional reliability-based design.

The distribution of b for a typical design is plotted in Fig. 5,
which shows that b can be fitted well with a normal distribution.
Based on the result of a Kolmogorov–Smirnov (K–S) test, the
hypothesis ‘‘b is normally distributed’’ is not rejected at a signifi-
cant level of p = 0.05.

4.3. Confidence level-based design optimization

In the geotechnical design of a retaining wall, three failure
modes are involved, and each failure mode has its own CL value.
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Because the retaining wall can be viewed as a series system, mean-
ing that occurrence of any failure mode may result in total system
failure, the lowest CL value of the three failure modes is used as the
CL for the retaining wall system. For the example presented in this
paper, bT is set at 3.2, which corresponds to a failure probability of
approximately 7/10,000 for all three failure modes.

In reliability-based design, the target reliability is often treated
as a constraint, and a least-cost design is sought. In the proposed
CL-based design method, the design optimization can also be

performed in the same way. However, CL can also be treated as
an objective in the optimization, in addition to cost, which leads
to a multi-objective optimization problem. The result of the
multi-objective optimization is set of designs, collectively termed
a Pareto front, rather than a single design. As a result, a trade-off
decision needs to be made between conflicting objectives.

The Pareto front is a set of designs that are not dominated by
any other designs. Design B is dominated by design A if (1) A is
strictly superior to B with respect to at least one objective and
(2) A is not inferior to B in all other objectives. If one design is
not dominated by any other, it belongs to the Pareto front. If a de-
sign is dominated by any other design, it is a dominated design.

To illustrate the concept of the Pareto front, all designs within
the range of design parameters were enumerated. To reduce the
computational effort, the design variables were treated as discrete
values: a and b were treated as multiples of 6 in., and c and d were
treated as multiples of 3 in.. A total of 988 designs were developed
in the design space defined by the typical ranges of these design
parameters. For each design and each failure mode, the cross-sec-
tional area (used as an index of the cost of the retaining wall) and
CL of the retaining wall system (used as a measure of the robust-
ness of the system) were calculated. Fig. 6 shows all designs with
CL > 0.5 (CL less than 0.5 is generally not acceptable) and illustrates
the conflicting objectives with respect to area (cost) and system CL
(robustness). Among these designs, 16 non-dominated designs are
identified, which collectively form the Pareto front. These designs
are listed in Table 3, which also lists the values of the design vari-
ables, the CL values, and the areas. The following characteristics of
the Pareto front were observed:

(1) All dominated designs are dominated by at least one design
in the Pareto front. Thus, for every dominated design, there
exists a design in the Pareto front with one of the following
three conditions: identical cost but a larger CL, identical CL
but a lower cost, or both a larger CL and a lower cost. As
Fig. 6 shows, for all designs with an area of 3000 in.2, CL var-
ies from less than 0.5 to approximately 0.99, while for all
designs with a CL of 0.9, the area varies from approximately
2700 in.2 to approximately 4000 in.2. Considering that the
Pareto front consists of only a small portion of the total
number of designs, meaning that the vast majority of the
designs are dominated, the traditional trial-and-error design
process would most likely result in a dominated design.
Thus, a multi-objective optimization process is more effec-
tive in identifying non-dominated, optimal designs. While
the Pareto front may be identified by an exhaustive exami-
nation of all possible designs, a very efficient algorithm,
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Table 3
List of design parameters and key results for each of the 16 designs on the Pareto front obtained by the CL-based design method.

No. a (in.) b (in.) c (in.) d (in.) Area (in.2) CL (%) CLsliding (%) CLbear (%) CLecc (%)

1 72 12 12 12 2430 67.64 74.06 72.36 67.64
2 78 12 12 12 2502 87.53 92.41 87.53 95.24
3 84 15 12 12 2574 96.20 96.20 96.26 99.47
4 90 18 12 12 2646 98.10 98.10 99.06 99.84
5 96 18 12 12 2718 99.16 99.47 99.16 99.92
6 102 15 12 12 2790 99.38 99.91 99.38 100
7 108 15 12 12 2862 99.45 99.97 99.45 100
8 114 12 12 12 2934 99.60 99.99 99.60 100
9 120 12 12 12 3006 99.65 100 99.65 100

10 126 12 12 12 3078 99.70 100 99.70 100
11 132 9 12 12 3150 99.78 100 99.78 100
12 138 9 12 12 3222 99.81 100 99.81 100
13 138 9 12 15 3294 99.84 100 99.84 100
14 144 9 12 12 3626 99.83 100 99.83 100
15 144 9 12 15 3726 99.86 100 99.86 100
16 144 9 15 15 4176 99.86 100 99.86 100
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called the non-dominated sorting genetic algorithm, version
II (NSGA-II), developed by Deb et al. [6] is available for use in
identifying the Pareto front. The reader is referred to Deb
et al. [6] for the NSGA-II procedure and to Marler and Arora
[20] for an extensive survey of multi-objective optimization
techniques for finding the Pareto front.

(2) Within the Pareto front, no improvement can be made with-
out worsening at least one other objective. For the 16
designs making up the Pareto front, the designs with larger
CL values inevitably cost more, while the designs with lower
costs inevitably yield smaller CL values. Thus, the Pareto
front reflects the trade-off between CL (robustness) and cost.

Using the CL-based design approach, it becomes possible to
make a more informed decision. Because the trade-off relationship
between CL and cost is reflected quantitatively in the Pareto front,
a decision-maker may select a design with a smaller CL that costs
less or a design with a larger CL that costs more. As Fig. 6 shows,
comparing Design 1 and Design 3, CL increases from 67.64% to
96.20% with an additional area of 144 in.2 (roughly an increase of
6% in cost). In this scenario, most designers would likely deem this
added expense worthwhile. However, beyond Design 3, the rate of
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Table 4
Ranges of sample statistics and design parameters for calibration.

Sample statistics Range Geometry parameter Range

l/1 (") 30–45 a 0 to H/2
lc1 (lb/ft3) 90–130 b 0 to a/2
l/2 (") 30–45 c H/14 to H/12
lc2 (lb/ft3) 90–130 d H/14 to H/12

k %15" to 15"
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increase in CL with respect to the increase in cost becomes less
beneficial. This demonstrates that the Pareto front is an effective
aid to decision-making.

5. Simplified equations for implementation of CL-based design

Compared to traditional reliability-based design, CL-based de-
sign might appear to demand more of the user because a larger
number of reliability analyses (especially for finding rb) are in-
volved. However, the computational effort may be greatly reduced
using the simplified equations presented in this section. This is

made possible by observing the relationship between lb and rb

in the domain problem (in the case of the example used in this pa-
per, retaining walls in sand), which leads to the relationship be-
tween lb and CL.

5.1. Relationship between lb and CL observed in the illustrative
example

As Eq. (4) shows, both lb and rb are needed to determine CL.
However, if rb is highly correlated with lb, the process can be
greatly simplified. If an empirical relationship between rb and lb
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can be established, CL can be determined without rb needing to be
determined separately, which can greatly reduce the computa-
tional effort involved in a developing a CL-based design (Fig. 1).

A highly correlation between rb and lb is observed in the illus-
trative example for all failure modes. Here, only the sliding failure
mode is taken as an example. As shown in Fig. 7 (a), rb is highly
correlated with lb. For a given lb, rb varies in such a narrow range
that it may be treated as a fixed value. Regression analysis yields
rb = 0.007 + 0.118lb, with R2 = 0.998. Thus, the equation for CL
can be simplified by substituting this regression equation into Eq.
(4) with bT = 3.2.

5.2. Calibrating relationship between lb and CL with a wide range of
data

As shown previously, CL is obtained as a function of lb for the
sliding failure mode. However, this relationship is valid for designs
with the sample statistics listed in Tables 1 and 2, and with the fol-
lowing geometry: H = 12 ft, k = 0o, 0.5H < a < H, 0 < b < 0.5a, H/
14 < c < H/12, H/14 < d < H/12, and D = 6 in. + d.

To develop an empirical model (in terms of the lb % rb relation-
ship and then the CL–lb relationship) that is applicable to a wide
range of cantilever retaining walls in sand, it is necessary to investi-

gate whether the strong correlation between rb and lb still holds for
different sets of sample statistics, inclination angles (k), and wall
heights (H). To this end, a series of analyses was performed for
retaining walls of the following heights: 5 ft, 8 ft, 12 ft, 16 ft, and
20 ft.

For a given H, each set of parameter values, [l/1 lc1 l/2 lc2 a b c d
k], represents a design scenario, where l/1, lc1, l/2, and lc2 are the
mean values of /1, c1, /2, and c2, respectively, and a, b, c, and d are the
dimensions illustrated in Fig. 2. For this series of analyses, the ranges
of values for these parameters are shown in Table 4. For each H, de-
sign scenarios were randomly generated based on the ranges in Ta-
ble 4; then, for each design, lb and rb were calculated for all failure
modes. A regression analysis of the data obtained was then per-
formed. For each H, a sample size of 5000 designs was selected to en-
sure that a wide range of rb was encountered for a given lb. The
results are presented in Figs. 8–10 for the three failure modes.

Comparing Fig. 8c to Fig. 7a, where H = 12 ft, when k and the
mean values of the soil parameters are randomly generated, a lar-
ger dispersion is observed in Fig. 8c and a smaller R2 (0.995) is ob-
tained. However, the dispersion of rb is still considered small, and
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the regression equation (rb = 0.034 + 0.118lb) is approximately
the same as that obtained for Fig. 7a. Furthermore, comparing
Fig. 8a with Fig. 8b–e, it is clear that correlation is only slightly
influenced by H because the R2 values are nearly identical. Regres-
sion equations for each H are shown in Fig. 11 for all data. Thus, the
regression equation based on all data is deemed applicable to all
cantilever retaining walls in sand without an appreciable loss of
accuracy.

The phenomena observed in Fig. 9 for bearing capacity failure
and Fig. 10 for eccentricity failure are similar to that of sliding fail-
ure observed in Fig. 8. For a given lb, the trend lines for bearing

capacity failure and eccentricity failure yield a larger rb and a lar-
ger dispersion of rb than the trend line for sliding failure. The
implication is that the reliability index for bearing capacity failure
and that for eccentricity failure are more sensitive to the uncer-
tainty in the cov values of the soil parameters.

Because of the strong correlation between lb and rb in the
external stability problem of cantilever retaining walls in sand,
CL can be determined knowing only lb, based on Eq. (4). Figs. 12–
14 show the data points of CL versus lb for the three failure modes.
Least-squares regression analysis of these data yield the following
simplified equations for CL as a function of lb for the three failure
modes (sliding failure, bearing capacity failure, and eccentricity
failure):

CLsliding ¼ U
lb % 3:2

0:043þ 0:116lb

 !
ð21Þ

CLbearing ¼ U
lb % 3:2

%0:046þ 0:182lb

 !

ð22Þ

CLeccentricity ¼ U
lb % 3:2

0:036þ 0:187lb

 !

ð23Þ

The maximum errors of these equations were also estimated. Be-
cause designs with a reliability index of 5 have a very low failure
probability (2.9 * 10%7), only designs with lb of less than 5 were
considered in the error analysis. For this exercise, CL calculated
from Eq. (4) with lb and rb is referred to as the ‘‘true’’ CL value,
while CL calculated from Eq. (21) through Eq. (23) is referred to
as the ‘‘predicted’’ CL. The maximum errors between the real CL
and the predicted CL were calculated as 2%, 2%, and 5% for sliding
failure, bearing capacity failure, and eccentricity failure, respec-
tively. Thus, CL can be estimated from Eqs. (21)–(23) with high
accuracy. Fig. 15 compares these equations in a single graph.

5.3. CL-based design approach

For a desired CL in a design, the required lb can be easily deter-
mined based on Fig. 15 (or Eqs. (21)–(23)) for each of the three fail-
ure modes. Thus, the proposed CL-based design approach can be
approximately transformed into a traditional reliability-based de-
sign. For cantilever retaining walls in sand, designs with a higher
CL will cost more, and a trade-off decision can be made with the
aid of a Pareto front (see Fig. 5). Once the desired CL is selected,
the CL-based design can be approximately implemented as a tradi-
tional reliability-based design. As shown previously, little extra de-
sign effort beyond that required for traditional reliability-based
design is needed.

The significance of the CL-based design can be further elabo-
rated. With the traditional reliability-based design method, the de-
signer may be forced to adopt a reliability index higher than the
generally accepted target reliability index, bT = 3.2, out of concern
that the cov values of soil parameters that were used in the design
may be underestimated. However, there is no guidance in the liter-
ature on how to compensate for the effect of underestimation of
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Table 5
Coefficient of approximation equations under each covb.

Coeff. covb

0.06 0.09 0.12 0.15 0.18 0.21 0.24 0.27 0.3

a1 %0.0147 %0.0297 %0.0458 %0.0607 %0.0728 %0.0817 %0.0875 %0.0905 %0.0913
a2 1.0382 1.0725 1.1021 1.1189 1.1196 1.1041 1.0746 1.0346 0.9871
a3 %0.0296 %0.0541 %0.072 %0.0765 %0.0656 %0.0402 %0.0035 0.0411 0.0901
R2 1 1 1 1 1 1 0.9999 0.9998 0.9997
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cov in a quantitative manner. With the CL-based design approach,
the designer specifies a confidence level (CL) that fully accounts for
the effect of possible variation of the estimated cov values of the

soil parameters. In the proposed approach, the CL requirement is
constrained by the cost objective. To this end, a Pareto front can
be identified to serve as a design aid to guide the selection of CL.
Note that the uncertainty in the estimated cov values of the soil
parameters is fully reflected in the computed CL, yielding a more
rational design. Finally, the calibrated CL–lb relationships (Eqs.
(21)–(23)) make it possible to implement the CL-based design
method with little extra effort beyond that required for the tradi-
tional reliability-based design method.

6. True reliability index

Treating coefficients of variation as random variables makes the
reliability index a random variable rather than a fixed value. The
proposed CL provides a metric for determining the probability that
the traditional target reliability index is satisfied. However, the
‘‘true’’ probability of failure of a given design is not known. To
overcome this drawback and further improve the CL-based design
approach, a new metric termed ‘‘true reliability index’’ is intro-
duced based on the total probability theorem. This index is defined
as follows:

bTR ¼ U%1
Z 1

%1
UðbÞ $ /

b% lb

rb

" #
$ 1
rb
$ db

" #
ð24Þ

where /
b%lb

rb

% &
$ 1
rb

is the probability density of b, assuming that b
follows a normal distribution, as demonstrated earlier, and U(b) is
the probability that the limit state is satisfied. The term bTR is the
true reliability index, considering uncertain coefficients of variation.

For each given pair of lb and rb, the true reliability index bTR can
be calculated by numerical integration. For each combination of lb

in the range of 1–5, at intervals of 0.1, and covb (where covb = rb/
lb) in the range of 0.06 to 0.3, at intervals of 0.03, bTR was calcu-
lated. Fig. 16 shows the relationship of bTR versus lb for various
covb levels. The results suggest that at each covb level, the bTR % lb

curve can be approximated by a second-order polynomial
function:

bTR ¼ a1 þ a2lb þ a3l2
b ð25Þ

The values of the coefficients a1, a2, and a3 for each covb, as well as
the coefficient of determination (R2) of the curve fitting, are summa-
rized in Table 5. The true reliability index bTR is smaller than lb; the
larger covb is, the larger the difference between bTR and lb is.

Eq. (25) suggests that the true reliability index bTR can be accu-
rately estimated from known values of lb and rb. Thus, a further
regression analysis was performed, which yielded the following
equation (R2 = 0.9995):
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Table 6
List of design parameters and key results for each of the 16 designs on the Pareto front obtained using the true reliability index.

No. a (in.) b (in.) c (in.) d (in.) Area (in.2) bTR bTR_sliding bTR_bear bTR_ecc

1 72 12 12 12 2430 4.32 4.32 4.42 4.36
2 78 12 12 12 2502 4.92 4.92 5.02 6.14
3 84 12 12 12 2574 5.50 5.50 5.59 8.17
4 90 12 12 12 2646 6.06 6.06 6.13 10.45
5 96 12 12 12 2718 6.60 6.60 6.64 11.00
6 102 12 12 12 2790 7.12 7.12 7.12 11.55
7 108 12 12 12 2862 7.57 7.62 7.57 12.00
8 114 12 12 12 2934 8.04 8.11 8.04 12.60
9 120 12 12 12 3006 8.19 8.59 8.19 13.18

10 126 12 12 12 3078 8.35 9.05 8.35 13.73
11 132 9 12 12 3150 8.72 9.71 8.72 14.27
12 138 9 12 12 3222 8.89 10.15 8.89 14.82
13 138 9 12 15 3294 9.06 10.57 9.06 15.37
14 144 9 12 12 3636 9.10 10.11 9.10 15.91
15 144 9 12 15 3726 9.26 10.53 9.26 16.46
16 144 9 15 15 4176 9.29 10.45 9.29 17.00
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bTR ¼ %0:0462þ 1:0735lb þ 0:0944rb % 0:3715lbrb ð26Þ

Fig. 17 shows the true reliability index bTR obtained through numer-
ical integration, referred to herein as the actual bTR, versus the bTR

obtained from the curve-fitting model (Eq. (26)), referred to herein
as the predicted bTR. The result of this curve fitting is almost perfect.
Use of Eq. (26) to compute the true reliability index bTR in the face of
uncertain cov is recommended.

The CL-based robust design approach presented in this paper
is a feasible approach to design. In light of the concept of the true
reliability index (bTR) and the near-perfect relationship between
bTR and lb and rb (and thus CL), it was of interest to construct
the Pareto front in terms of bTR. Thus, the same non-dominated
sorting technique as the one that was adopted in producing
Fig. 6 was applied to all possible designs in the design space to
locate the Pareto front in terms of bTR. Fig. 18 shows the Pareto
front obtained. All 16 non-dominated designs optimized for cost
(i.e., area) and robustness (in terms of bTR) are listed in Table 6.
The Pareto front established with bTR, shown in Fig. 18, is practi-
cally the same as the one derived based on CL, shown in Fig. 6.
This observation confirms the validity of the CL-based design ap-
proach. However, the design can also be performed based on the
true reliability index bTR.

7. Conclusions

The following conclusions are reached based on the results pre-
sented in this paper:

(1) The proposed confidence level (CL)-based design approach
has been shown to be effective in the design of cantilever
retaining walls in sand. It overcomes the dilemma of tradi-
tional reliability-based design that underdesign or overde-
sign (relative to the selected target reliability index) can
occur when significant uncertainty exists in the estimated
cov values of soil parameters.

(2) In the proposed approach, the confidence level (CL) is
selected with the aid of a Pareto front, which is a set of
non-dominated designs optimized with respect to two
objectives, cost and confidence level (as a measure of robust-
ness). The CL-based approach offers a quantitative means of
selecting an optimal design with a known level of confidence
that the target reliability index will be met in the face of
uncertainty. Using the Pareto front, the confidence level is
constrained by cost.

(3) Simplified equations that relate lb to CL were developed
based on an empirical rb % lb relationship that was
observed in the results of thousands of reliability analyses
of retaining walls in sand, greatly enhancing the practicality
of the proposed CL-based approach. These simplified CL–lb

equations make it possible to implement CL-based design
with little extra effort beyond that required for the tradi-
tional reliability-based design procedure.

(4) For the problem of cantilever retaining walls in sand, both
the Taylor expansion method and the new PEM method
can yield lb and rb with high accuracy, compared to the
results of MCS. Propagation of uncertainty in the estimated
cov of soil parameters through the reliability analysis proce-
dure (such as FORM) using the Taylor expansion method is
particularly efficient. It should be noted, however, that the
uncertainty propagation process becomes unnecessary
when the simplified CL–lb equations are employed.

(5) A metric termed the ‘‘true reliability index’’ is proposed. A
curve-fitting equation was developed with which the true
reliability index can be calculated conveniently for known

values of lb and covb (or rb). This true reliability index is
the actual reliability index that reflects the uncertainty in
the estimated parameter cov values.
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[23] Vesić Aleksandar S. Analysis of ultimate loads of shallow foundations. ASCE J
Soil Mech Found Div 1973;99(M1):p. 45–73.
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